Abstract: The installation of dense granular columns by various construction techniques can be used to mitigate liquefaction through a combination of densification, increase of lateral stresses, reinforcement, and drainage. The contributing mechanism of shear reinforcement is isolated and explored using nonlinear three-dimensional (3D) finite-element (FE) analysis. FE models representing both dry and saturated conditions were developed to evaluate cases with and without generation and dissipation of excess pore-water pressures. The shear stress and strain distributions between the granular columns and surrounding soil, and the level of shear stress reduction, were investigated for a practical range of treatment geometries, relative stiffness ratios, vertical stresses, and relative densities of the surrounding soil. A set of 10 acceleration time histories were used as input motions. The FE results show that granular columns undergo a shear strain deformation pattern that is noncompatible with the surrounding soil. As such, the achieved reduction in cyclic stress ratios imposed on the treated soil is far less than that predicted by the conventional shear strain compatibility design approach. Reductions in cyclic stress ratios are insensitive to the applied surface pressure, granular column length/diameter ratio (L/D), and relative density of the surrounding soil for the range of area replacement ratio and column-soil shear modulus ratio examined. A modified design equation to estimate the reduction in cyclic stress ratio provided by dense granular columns is shown to provide good agreement with the FE simulation results.
Introduction
Ground improvement using dense granular columns, such as vibroreplacement stone columns or rammed aggregate piers, can be an effective method for mitigating liquefaction hazards. Physical model tests and earthquake case histories have demonstrated the effectiveness of different types of dense granular columns in loose saturated cohesionless soils (e.g., Priebe 1991; Mitchell et al. 1995; Saxena and Hussin 1997; Ashford et al. 2000; Adalier et al. 2003) . The installation of dense granular columns by various construction techniques are believed to mitigate liquefaction through a combination of densification, increase in lateral stresses, reinforcement, and drainage effects (e.g., Baez 1995; Ashford et al. 2000; Adalier et al. 2003; Shenthan et al. 2004) . A primary objective of construction is often to increase standard penetration test (SPT) or cone penetration test (CPT) penetration resistances, both of which will reflect the cumulative effects of densification, increases in the lateral stress (i.e., coefficient of earth pressure at rest, K o ), and alterations to the soil's fabric (including any disruption of cementation, prior strain history, or ageing effects). There are projects, however, where the additional benefits of shear stress reductions have been relied on because the soils had relatively high fines contents and the desired increase in penetration resistances was not achievable. In these cases, the shear reinforcement mechanism has often been analyzed using design procedures based on the assumption of shear strain compatibility between the granular column and surrounding soil.
The concept of shear strain compatibility, as originally proposed by Baez (1995) , assumes that the granular columns only deform in pure shear and, being stiffer than surrounding soil, attract a greater share of the earthquake-induced shear stresses than the surrounding soil. However, recent studies suggest that granular columns may deform in both flexure and shear such that they are far less effective in reducing shear stresses in surrounding soils than predicted by shear strain compatibility (Goughnour and Pestana 1998; Green et al. 2008; Olgun and Martin 2008; Rayamajhi et al. 2014) . Rayamahji et al. (2014) used linear-elastic three-dimensional (3D) finite-element analyses to develop a simplified relationship for estimating the shear stress reduction in soil treated with granular columns. They found that 10-30% reductions in shear stresses could still be achieved for a wide range of practical design parameters, despite the lack of shear strain compatibility. The question arises, however, as to whether the use of linear-elastic models would overestimate or underestimate the potential shear stress reductions provided by dense granular soils.
This study is an extension of work by Rayamajhi et al. (2014) to isolate and examine the shear reinforcement mechanisms of dense granular columns for reducing seismically induced shear stresses and strains in the improved surrounding soil. In this paper, the contributing mechanism of shear reinforcement is examined using 3D nonlinear dynamic finite-element (FE) models with an effective stress-based constitutive model. Simulations are performed for a representative unit cell from a repeating grid of granular columns. The numerical modeling procedure is described along with a description of the investigated geometries, material properties, constitutive model calibration procedures, loading conditions, and model cases. Parameters to interpret the shear stress and strain distribution between granular columns and surrounding soil are described. Typical responses for unimproved (without granular columns) and improved soil (with granular columns) under earthquake motions are presented, followed by shear stress and strain distributions from a broader range of parametric studies. A modified design equation for estimating the reduction in cyclic stress ratios provided by the shear reinforcing effect of dense granular columns is shown to provide reasonable agreement with the results of the 3D FE simulations.
Numerical Modeling
The purpose of the numerical models used herein is to obtain insights on the shear reinforcement mechanism of dense granular columns, while recognizing that numerical models cannot presently simulate construction processes nor many of their effects on the native soils. For example, the construction of granular columns will produce spatially variable degrees of densification, changes in the in situ lateral stresses, intermixing of the column and native soils at their interface, and a disruption of the native soil's fabric (including any cementation or aging effects). In practice, the cumulative effects of construction on the native soils are commonly evaluated using posttreatment SPT and CPT tests, whereas additional shear reinforcement or drainage effects during seismic loading can only be evaluated through analyses or design relationships. The FE models developed subsequently are intended to isolate and examine the shear reinforcement effects in sufficient detail to reasonably expect that the observed trends would not change significantly with further variations in the modeling parameters.
FE Model
A unit cell-modeling approach was used similar to Asgari et al. (2013) , Elgamal et al. (2009), Olgun and Martin (2008) , and Rayamajhi et al. (2014) . The area replacement ratio (A r ), which is the area of the granular column divided by the total unit cell area, is varied by adjusting either the diameter or center-to-center spacing of the granular columns. For the baseline case herein, a 3D model of one-half of the unit cell for A r ¼ 20% is shown in Fig. 1 . Only half of the unit cell is modeled based on the symmetry along the x-axis and considering the periodic boundary conditions (e.g., Elgamal et al. 2009; Law and Lam 2001) .
All 3D FE models were created in the OpenSees FE framework (Mazzoni et al. 2009; McKenna et al. 2010) with OpenSeesPL (Lu et al. 2006 ) used as a preprocessor. All soil materials were modeled using the 8-node brick brickUP elements. This 8-node brick element is based on the solid-fluid (u-p) formulation of Chan (1988) and Zienkiewicz et al. (1990) for saturated soil. More information about this element can be found in Yang et al. (2003 Yang et al. ( , 2008 and Elgamal et al. (2009) . The granular column and surrounding soil elements were connected at their nodes and no interface elements were employed.
For the baseline case, the soil profile consists of a 9-m-thick loose silty sand layer with an average SPT energy-corrected, overburden pressure-corrected, and fines-corrected blow count ðN 1 Þ 60cs ¼ 7, corresponding to a relative density ðD r Þ ≈ 39% [based on the correlation used in Idriss and Boulanger (2008) by a 1-m-thick dense sand layer (D r ≈ 87%). The water table is located at the ground surface. The granular columns are 1 m in diameter, extend to bottom of the liquefiable layer, and rest on the top of the underlying dense sand layer as shown in Fig. 1 . The column's length to diameter ratio, L=D, is 9. The unit cell is discretized into 1.0-m-thick elements. Ground motion frequencies up to 15 Hz are considered of greatest interest for the present study, which the 1.0-m-thick elements were found reasonably able to transmit through the liquefiable soil. In order to investigate the mesh sensitivity, analyses were carried out with 0.5-m-thick elements (suitable for transmitting frequency up to ∼30 Hz) and the overall responses (i.e., acceleration, excess pore-water pressure, stress-strain behavior, lateral displacements) were the same for practical purposes. Thus, all further analyses were carried out using 1.0-m-thick elements to reduce the incurred computational effort.
The following boundary conditions were used: (1) the displacements of nodes on the left and right boundaries at the same elevation are forced to be equal in the longitudinal and vertical directions (i.e., x-direction and z-direction as shown in Fig. 1 ), (2) all nodes on the inner symmetry plane as well as on the boundary of the opposite side of the mesh were fixed against out-of-plane displacement (i.e., y-direction) but free to move longitudinally and vertically, (3) nodes at the base below the dense sand layer were fixed and the input ground motions were imposed on the base in the x-direction, (4) the soil surface was modeled with a prescribed zero-pore-pressure condition, and (5) the soil surface was modeled as stress free for the free-field condition and with prescribed surface normal pressures simulating superstructure loads in other cases.
Soil Constitutive Model and Calibration
All soil materials were modeled using the PressureDependMultiYield02 (PDMY02) constitutive model. The PDMY02 model (Yang et al. , 2008 was developed based on the framework of multisurface-plasticity theory (Prevost 1995) for cohesionless soils. The PDMY02 is an elastic-plastic model for simulating the cyclic response characteristics of pressure sensitive soil materials (e.g., sand, silt). The PDMY02 uses an associative flow rule for the deviatoric plastic strain, and the volumetric plastic strain follows a nonassociative rule, which allows for simulating shearinduced contraction and dilation as explained in Elgamal et al. (2003) . The model is capable of simulating characteristics such as nonflow liquefaction (cyclic mobility) and cycle by cycle permanent shear strain accumulation, which are typically exhibited in sands or silts during monotonic or cyclic loading (Parra 1996; Yang et al. 2003 Yang et al. , 2008 Elgamal et al. 2003 Elgamal et al. , 2009 .
Three sets of properties for the liquefiable soil layer were considered in this parametric study: loose silty sand and two mediumdense silty sands corresponding to the ðN 1 Þ 60cs of 7 (D r ≈ 39%), 15 (D r ≈ 57%), and 22 (D r ≈ 70%), respectively. The properties for the granular column, the underlying dense sand layer, and the surface dense sand layer were not varied and corresponded to an
The parameters used to model the different materials are provided in supplement Table S1 . These model parameters were chosen based on calibration of direct simple shear (DSS) element responses (drained and undrained) to published empirical design correlations as described in Khosravifar (2012) . The friction angles were based on SPT-based empirical relationships in Kulhawy and Mayne (1990) . The friction angle for the granular column material was assigned 48°, similar to that reported by Duncan et al. (2007) for an effective minor principal stress (σ 0 3 ) equal to 100 kPa (or 1 atm) in consolidated drained triaxial tests. The small-strain shear modulus (G max ) for the liquefiable soil and dense sand layers were based on the SPT-based empirical relationship by Andrus and Stokoe (2000) . The G max for the granular columns was specified in terms of shear modulus ratio (G r ), which is the G max for the column materials divided by G max for the liquefiable soil.
The liquefiable soils were calibrated to produce a cyclic resistance ratio (CRR) corresponding to the SPT-based liquefaction triggering correlation of Idriss and Boulanger (2008) . The modelspecific parameters (e.g., phase transformation angle, contraction and dilation parameter, steady-state parameters) for the liquefiable soils were selected to produce 3% single amplitude shear strain (approximately corresponds to excess pore pressure ratio of 100%) under undrained cyclic DSS simulation at approximately 15 uniform loading cycles. For the dense sand and granular column materials, the model-specific parameters were selected similar to those of a dense sand as recommended in Yang et al. (2003 Yang et al. ( , 2008 . All the soil models were calibrated for the reference confining pressure of 100 kPa (or 1 atm).
The results from single element undrained and drained cyclic DSS simulations are provided in the online supplement. Undrained cyclic DSS simulations for the loose sand [ðN 1 Þ 60cs ¼ 7] for different static shear stress biases (i.e., sloping ground conditions) are presented in Fig. S1 . The simulated relationship for cyclic stress ratio (CSR) versus number of uniform cycles to develop 3% singleamplitude shear strain is shown in Fig. S2 ; these curves are steeper than commonly observed in experimental data (e.g., as reviewed in Boulanger and Idriss 2014), but this is not expected to affect findings regarding the relative effects of granular columns in the present analyses. The stress-strain response for the loose sand under drained strain-controlled cyclic DSS loading is shown in Fig. S3 and the normalized shear modulus (G=G max ) versus shear strain amplitude and damping ratio versus shear strain amplitude for different soil materials are shown in Figs. S4 and S5. The normalized shear modulus and damping curves for sand and granular columns are reasonably comparable to empirically based curves (i.e., EPRI 1993; Rollins et al. 1998 ) at smaller shear strains, but the hysteretic damping becomes larger than empirically expected at larger strains. Overall, the constitutive model is believed to sufficiently capture the behaviors of importance to the present study.
OpenSees Analyses
The initial static stress conditions were established in the model using uniform linear-elastic material properties throughout the mesh, so as to avoid any stress concentrations or arching effects in the initial conditions. The coefficient of earth pressure at rest (K o ) was set equal to 0.8 to reflect the likely increase in lateral stresses caused by column construction. Sensitivity analyses showed that the evaluation of shear stress reduction effects was not significantly affected by the choice of K o , provided that the constitutive model calibration for different ðN 1 Þ 60cs values utilized the same K o value. After initial stresses were established, all elements were assigned their nonlinear material models and parameters. A numerical Raleigh damping of 0.5% was specified at frequencies of 0.3 and 5 Hz to control numerical noise and provide a minimum amount of small-strain damping in the elastic range.
Ground Motions
Ten acceleration time series were used as input motions for the analyses. Baker et al. (2011) compiled a set of 40 ground motions whose median response spectra matches with the median response spectra predicted by Boore and Atkinson's (2008) ground motion prediction equation. These motions were obtained for an earthquake magnitude M w ¼ 7, a source-to-site-distance R ¼ 10 km, a strike-slip earthquake mechanism, and a rock site condition (additional details in Baker et al. 2011 ). Ten of the 40 motions were selected such that the median normalized spectra (normalized by PGA) of the 10 motions matched with median normalized spectra of the 40 motions as shown in Fig. 2 . The 10 selected motions are listed in Table S2 . These 10 motions were then linearly scaled by PGA from 0.05 to 0.6g for the parametric study described later.
Model Cases and Parametric Studies
Analyses were performed for a reference free-field condition and a column-reinforced condition so that the relative effect of the column could be evaluated. The free-field condition is referred to as the unimproved case herein because it does not include the granular column, but in fact the native soil is assumed to have the same ðN 1 Þ 60cs as in the column-reinforced (or improved case) so that the differences in behavior are due to the shear reinforcement effect alone.
Cases were also performed with and without the effects of excess pore-water pressure generation. A dry model (DM) was used to understand the shear stress and strain distribution mechanism of granular columns solely based on the nonlinearity of soil (i.e., without the generation of any pore-water pressure in the soil profile). A saturated model (SM) was then used to include the effects of excess pore-water pressure (EPWP) generation. The distribution of shear stress and strain were investigated for different states of excess pore-water pressure ratio (r u ¼ EPWP=σ 0 vo , σ 0 vo = initial vertical effective stress). The hydraulic conductivity for the granular column was set equal to that of surrounding soil (1 × 10 −5 m=s) so that it does not provide enhanced drainage for EPWP dissipation. This choice of hydraulic conductivities perhaps represents the case of complete intermixing of the granular and surrounding soil during column construction (e.g., Boulanger et al. 1998) , but is mainly intended as a means to artificially isolate the shear reinforcement effects from drainage effects.
Parameters for Shear Stress and Shear Strain Distributions
The shear stress distribution in the improved and unimproved cases are compared in terms of the CSRs that develop in the native soil, where the CSR is computed using the form of the simplified procedure proposed by Seed and Idriss (1971) . The ratio of CSR for improved soil (CSR I ) over the CSR for unimproved soil (CSR U ), R CSR , is expressed as (Rayamajhi et al. 2014 )
where a max;U and a max;I = peak horizontal acceleration at the ground surface for unimproved and improved cases, respectively; r d;U and r d;I = shear stress reduction coefficient for unimproved and improved cases, respectively; R amax = ratio of peak surface accelerations for improved and unimproved cases, and R rd = ratio of shear stress reduction coefficient for improved and unimproved cases. If R amax ¼ 1, then dynamic responses on unimproved and improved conditions are same and R rd becomes R CSR . These terms are used to describe the relative shear stress distributions for cases with and without excess pore water pressure generation, including cases where liquefaction is triggered in the native soil. The values obtained for cases involving liquefaction in the native soils are not appropriate for use in forward analyses of liquefaction potential, but rather serve to further examine how shear stresses are distributed as the native soil progressively approaches a liquefied condition. Rayamajhi et al. (2014) used linear-elastic 3D dynamic FE analyses to develop a design relationship to estimate the R rd , which depends upon A r , G r , and the shear strain ratio γ r = ratio of shear strain in granular column divided by shear strain in surrounding soil. The expression for the R rd for discrete column reinforcement is
The γ r can be estimated as
For shear strain compatibility, γ r is assumed equal to 1.0, for which Eq. (2) becomes identical to the design equation proposed by Baez (1995) . For the improved case, the relative stress ratio between granular columns and surrounding soil can be obtained by multiplying G r with γ r .
Simulation Example

Typical Responses
Typical ground surface acceleration responses for DM (dry model without pore pressure generation) and SM (saturated model with pore pressure generation) cases are shown in Fig. 3 for A r ¼ 20%, G r ¼ 5, the thickness of liquefiable soil H liq ¼ 9 m, and the native soil's ðN 1 Þ 60cs ¼ 7. The input motion was a recording during the 1989 Loma Prieta earthquake at Gilroy-Gavilan College station scaled to a PGA (or a max ) of 0.20g. Responses are shown for the element at Location 1 in Fig. 1 . The r u and shear stress-strain responses are shown for elements at a depth of 4 m.
For the DM case, the unimproved and improved soil profiles had very similar ground surface accelerations with peak values of ∼0.60g (i.e., three times the base PGA). This strong amplification of base motions is reasonable based on this profile's natural frequency, the input motion's frequency content, and the use of a rigid base.
For the SM case, both the unimproved and improved soil profiles developed liquefaction in the native soils. The peak accelerations at the ground surface for the unimproved case (0.20g) Fig. 2 . Normalized response spectra (with respect to PGA) of 10 selected input motions with median spectra compared to median normalized spectra from Baker et al. (2011) and improved case (0.35g) were both smaller than the 0.6g that developed in the DM cases. The peak surface acceleration for the improved case was, however, almost twice the peak surface acceleration for the unimproved case, illustrating the strong effect that the granular columns often had on dynamic site response after liquefaction was triggered in the surrounding soils. EPWPs in the unimproved and improved soil profiles show similar behavior as the native soil approached r u ≈ 95% early in shaking (at about 4.1-4.2 s in Fig. 3) , after which the improved case showed stronger transient dips of EPWP, which were attributed to strong dilation of the granular columns and the higher peak surface accelerations.
Stress strain responses at Locations 1 (in front of the column in the direction of shaking; Fig. 1 ) and 2 (to the side of the column; Fig. 1 ) at a depth of 4 m for the above DM and SM cases, with and without dense granular columns are shown in Figs. 4(a-d) . For the DM case, the improved profile had greater shear strains than the unimproved profile at Location 1 [ Fig. 4(a) ] but smaller strains at Location 2 [ Fig. 4(c) ]. For the SM case, the soil at Locations 1 and 2 showed cyclic mobility responses regardless of whether a dense granular column was present or not. In addition, the improved profile had greater shear strains than the unimproved profile at Location 1 [ Fig. 4(b) ] but smaller strains at Location 2 [ Fig. 4(d) ]. The development of greater shear strains at Location 1 with the granular column is not intuitive, but it is consistent with the findings of Goughnour and Pestana (1998) and is partly attributable to the actual deformation mechanism not being pure simple shear when the granular column is present.
The dynamic response of the improved soil profile was found to often be significantly different from that of the unimproved soil profile, with the differences attributable to variations in the frequency content of the input motions and effective natural frequencies of the soil profiles. The results of the present parametric studies were insufficient to provide any simple relationships relating the peak surface accelerations in the unimproved and improved cases. In practice, the effects of dense granular columns on site response may need to be estimated using site-specific response studies with an approximate accounting for the effect of the columns on the natural frequencies of the soil profile (e.g., Bouckovalas et al. 2006) .
R rd and γ r Responses for DM Case
Values of R rd and γ r averaged over the plan area are plotted versus depth in Fig. 5 for the DM case with A r ¼ 20%, G r ¼ 5, and different scaled shaking intensities for the same input motion; γ r is computed at the instant of maximum average shear stress in the improved soil profile. For the low shaking intensity (i.e., 0.05g), the models behaves similar to a linear elastic condition and thus the R rd and γ r responses are similar to the linear-elastic solutions obtained by Rayamajhi et al. (2014) . Generally, R rd slightly decreases with depth for different shaking intensities, while the γ r is relatively constant up to 7 m depth and then increases slightly with further increases in depth. As the ground shaking intensity increases, both R rd and γ r tend to slightly decrease. These trends are expected because at higher shaking, the shear modulus of the granular column does not decrease as much as the shear modulus of the native soil does. The differences in shear modulus reduction behavior are illustrated in Fig. 6 where the Points A and B correspond to the strains induced in the granular column and native soil, respectively, during the same strong shaking event; the normalized shear modulus ratio for the granular column is G=G max ¼ 0.47 at 0.05% shear strain (Point A) whereas for the native soil it is G=G max ¼ 0.42 at 0.20% shear strain (Point B). Thus, the secant shear modulus ratio increases by a factor of 1.12 (i.e., 0.47=0.42) due to the effects of nonlinearity in the two materials. This increase in the secant G r with increasing shaking level is considered the primary reason for the slight decrease in R rd with increasing shaking level (Fig. 5) . The trends of R rd and γ r with increasing shaking level were also observed to vary with the characteristics of the input ground motion, although the differences were not large and the overall patterns were similar to those in Fig. 5 .
R rd and γ r Responses for SM Case
Values of R rd and γ r averaged over the plan area are plotted versus depth in Fig. 7 for the SM case with A r ¼ 20%, G r ¼ 5, and the Gavilan college input motion scaled to a base PGA ¼ 0.20g. The R rd and γ r values are plotted for different time windows based on maximum r u levels in the native soil to evaluate any potential dependencies on r u . R rd and γ r were computed from the time histories up through the time at which r u first exceeded some specified limit; these limits were taken as r u ≤ 0.50, r u ≤ 0.80, and r u ≤ 0.95 Fig. 3 . Example responses for a soil profile with and without dense granular columns (DGC) for a ground motion scaled to 0.20g: (a) input motion at the base of the soil profile; (b) response for DM case without DGC; (c) response for DM case with DGC; (d) response for SM case without DGC; (e) response for SM case with DGC; (f) response for SM case at 4-m depth with and without DGC for both unimproved and improved soils. For the early part of shaking with r u ≤ 0.5, the average R rd and γ r values are close to the linear-elastic results by Rayamajhi et al. (2014) . As shaking progressed and r u increased to 0.80, the R rd values began to reduce toward the bottom of the soil profile. Once r u reached 95%, the R rd had reduced significantly and was essentially equal to the R rd determined from the full time history of shaking. However, the reductions in R rd as r u values neared 100% are not appropriate for use in procedures that evaluate liquefaction triggering, since they are instead a consequence of liquefaction having already been essentially triggered. The values γ r were essentially the same for all r u time windows, which is because the peak shear stress (at which time γ r is computed) occurred early in shaking.
Incremental Dynamic Analyses
The effect of shaking intensity on the stress and strain distributions was evaluated using incremental dynamic analyses (IDA) with all 10 input motions scaled to PGA values ranging from 0.05 to 0.60g. The resulting variations in R rd , R amax , and γ r are plotted versus the input motion PGA in Fig. 8 for a DM case with A r ¼ 20% and G r ¼ 2, 5, and 7. The values of R rd , R amax and γ r all show slight trends with increasing shaking intensity (e.g., R rd increases slightly and R amax decreases slightly), but these effects are relatively small compared to the effects of G r or the variability in results for different input motions. Some input motions produced R rd greater than unity, which means the improved soil can experience greater shear stresses than the unimproved soil in some cases.
The variations in R rd , R amax , and γ r are plotted versus PGA in Fig. 9 for a SM case with A r ¼ 20%, G r ¼ 2, 5, and 7, and each Parametric Study on R rd and γ r Effects of A r and G r
The variation of the average R rd values with A r and G r is shown in Fig. 10 Fig. 10(b) . The R rd values based on the design relationships by Rayamajhi et al. (2014) and Baez (1995) are also shown in Fig. 10(a) , and the γ r values based on Rayamajhi et al. (2014) are shown in Fig. 10(b) . The simulation results show R rd decreases with increasing A r or increasing G r for both 0.05 and 0.20g input motions. The design expressions by Rayamajhi et al. (2014) are in reasonable agreement with the simulated values of R rd [ Fig. 10(a) ] and γ r [ Fig. 10(b) ] for all cases. The variation of the average R rd values with A r and G r is shown in Fig. 11(a) for a SM case with the same range of parameters as for the above DM case and the responses only computed up through the time when r u ≤ 0.8. The R rd values are slightly lower than those for the DM case [ Fig. 10(a) ], but are still reasonably similar to the relationship by Rayamajhi et al. (2014) and significantly higher than the relationship by Baez (1995) . The γ r values from the simulations remained in good agreement with the relationship by Rayamajhi et al. (2014) [Fig. 11(b) ].
Effects of Vertical Surface Pressure
The effect of an additional vertical surface pressure (Δσ avs ), such as may come from an overlying structure, was examined for unimproved or improved cases. These analyses did not account for any additional shear loads that might be associated with the dynamic response of any overlying structure and did not account for any arching of the surface loading onto the stiffer granular columns. A concentration of vertical stresses in the granular columns would increase their initial G r value; this effect is indirectly accounted for in the present study by the specification of the G r value itself.
The variation of R rd with A r is shown in Fig. 12 (a) for a SM case with A r ¼ 10, 20, and 30%, G r ¼ 5, a native soil ðN 1 Þ 60cs ¼ 7, H liq ¼ 9 m, D ¼ 1 m, PGA ¼ 0.05 and 0.20g, r u ≤ 0.80, and Δσ avs ¼ 0, 50, and 100 kPa. On average, the increase in Δσ avs slightly increases the R rd values for the range of parameter studied herein [ Fig. 12(a) Baez (1995 ) Rayamajhi et al. (2014 G r =5 Rayamajhi et al. (2014) Fig. 12(b) ]. Similar trends of R rd versus A r and γ r versus G r were found for a DM case with the same range of parameters.
Effects of L/D Ratio for Granular Column
The effect of the granular column's slenderness ratio (L=D) is illustrated in Fig. 13 showing R rd versus A r [ Fig. 13(a) ] and γ r versus G r [ Fig. 13(b) ] for a SM case with A r ¼ 10, 20 and 30%, G r ¼ 5, a native soil ðN 1 Þ 60cs ¼ 7, H liq ¼ 3, 6, and 9 m, D ¼ 1 m, r u ≤ 0.80, and PGA ¼ 0.05 and 0.20g. The L=D ratios are 3, 6, and 9 for these combinations of H liq and D. On average, the decrease in L/D slightly reduces R rd and slightly increases γ r for the range of parameter studied herein. Similar trends of R rd versus A r and γ r versus G r were found for a DM case with the same range of parameters.
Effects of N 1 60cs in the Native Soil
The effect of different ðN 1 Þ 60cs values for the native soil is illustrated in Fig. 14 showing R rd versus A r [ Fig. 14(a) ] and γ r versus G r [ Fig. 14(b) ] for a SM case with A r ¼ 10, 20, and 30%, G r ¼ 5, H liq ¼ 9 m, D ¼ 1 m, r u ≤ 0.80, PGA ¼ 0.05 and 0.20g, and ðN 1 Þ 60cs ¼ 7, 15, and 22. In application, ðN 1 Þ 60cs would reflect changes in density, lateral stresses, and changes to the soil fabric. In the present analyses, the value of K o remains constant and only the relative density and constitutive model calibrations to provide the appropriate CRR are changed. On average, an increase in ðN 1 Þ 60cs resulted in a slight increase in R rd and almost no effect on γ r . Similar results were obtained for a DM case with the same range of parameters.
Conclusions
Nonlinear dynamic 3D FE simulations were used to isolate and evaluate the shear reinforcement mechanisms of dense granular columns in terms of reducing the seismic shear stresses on the treated soils. Analyses were performed for unit cells with A r ¼ 10 to 30%, G r ¼ 2 to 7, native soil ðN 1 Þ 60cs ¼ 7 to 22, H liq ¼ 3 to 9 m, D ¼ 0.6 to 1.5 m, Δσ avs ¼ 0 to 100 kPa, dry and saturated conditions, and PGA ¼ 0.05 to 0.60g for 10 different input motions.
The results of these nonlinear FE simulations were consistent with the results previously obtained by Rayamajhi et al. (2014) using linear-elastic FE simulations for a similarly broad range of conditions. Both sets of simulations indicate that the reduction in seismic shear stresses provided by dense granular columns is (1) significantly smaller than would be estimated based on the assumption of shear strain compatibility; and (2) reasonably estimated using the design relationships proposed by Rayamajhi et al. (2014) . These FE simulations involve a number of significant G r =5 Baez (1995) Rayamajhi et al. (2014) G r =5 Rayamajhi et al. (2014) approximations and cannot recreate the actual construction process, but the results are believed to provide a reasonable basis for evaluating the relative magnitude of stress reductions provided by such columns. Accordingly, the design relationships by Rayamajhi et al. (2014) are recommended for use on projects where sufficient increases in posttreatment SPT or CPT penetration resistances are not achieved during installation of the granular columns, such that the additional benefits of shear stress reduction need to be considered.
The shear reinforcement provided by dense granular columns may also help reduce liquefaction-induced deformations (e.g., lateral spreading) in the event that densification, increases in lateral stresses, shear stress reductions, and any drainage effects are insufficient for preventing liquefaction triggering. Dense granular columns may also continue to provide support for overlying structures, reducing their settlement relative to the unimproved case. These aspects of granular columns are investigated in a companion manuscript (Rayamajhi et al. 2016) .
